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THE ASYMPTOTIC TIAN-YAU-ZELDITCH EXPANSION ON
RIEMANN SURFACES WITH CONSTANT CURVATURE
CHIUNG-JU LIU
Abstract. Let M be a regular Riemann surface with a metric which has
constant scalar curvature ρ. We give the asymptotic expansion of the sum of
the square norm of the sections of the pluricanonical bundles Km
M
. That is,
dm−1X
i=0
‖Si(x0)‖
2
hm
∼ m(1 +
ρ
2m
) +O
„
e−
(logm)2
8
«
,
where {S0, · · · , Sdm−1} is an orthonormal basis forH
0(M,Km
M
) for sufficiently
large m.
1. Introduction
Let M be an n-dimensional compact complex Ka¨hler manifold with an ample
line bundle L overM . Let g be the Ka¨hler metric onM corresponding to the Ka¨hler
form ωg = Ric(h) for some positive Hermitian h metric on L. Such a Ka¨hler metric
g is called a polarized Ka¨hler metric. The metric h induces a Hermitian metric hm
on Lm for all positive integers m. Let {S0, · · · , Sdm−1} be an orthonormal basis of
the space H0(M,Lm) with respect to the inner product
(1.1) (S, T ) =
∫
M
〈S(x), T (x)〉hmdVg,
where dm = dimH
0(M,Lm) and dVg =
ωn
g
n! is the volume form of g. The quantity
(1.2)
dm−1∑
i=0
‖Si(x)‖2hm
is related to the existence of Ka¨hler-Einstein metrics and stability of complex man-
ifolds. A lot of work has been done for (1.2) on compact complex Ka¨hler manifolds.
Tian [6] applied Ho¨mander’s L2-estimate to produce peak sections and proved the
C2 convergence of the Bergman metrics. Later, Ruan [5] proved the C∞ conver-
gence. About the same time, Zelditch [7] and Catlin [4] separately generalized the
theorem of Tian by showing there is an asymptotic expansion
(1.3)
dm−1∑
i=0
‖Si(x)‖2hm ∼ a0(x)mn + a1(x)mn−1 + a2(x)mn−2 + · · ·
for certain smooth coefficients aj(x) with a0 = 1. In [10], Lu proved that each
coefficient aj(x) is a polynomial of the curvature and its covariant derivatives. In
particular, a1 =
ρ
2 , where ρ is the scalar curvature of M . These polynomials can be
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found by finitely many steps of algebraic operations. Recently, Song [3] generalized
Zelditch’s theorem on orbifolds of finite isolated singularities. The information on
the singularities can be found in the expansion.
On the Riemann surfaces with bounded curvature, Lu [9] proved that there is
a lower bound for (1.2). Later, the result of Lu and Tian [8] implies that on the
Riemann surfaces with constant scalar curvature ρ, the asymptotic expansion (1.3)
is given by
dm−1∑
i=0
‖Si(x0)‖2hm ∼ m(1 +
ρ
2m
) +O
(
1
mp
)
for any p > 0. In the current paper, we obtain a more precise result for (1.3).
Theorem 1.1. Let M be a regular compact Riemann surface and KM be the canon-
ical line bundle endowed with a Hermitian metric h such that the curvature Ric(h)
of h defines a Ka¨hler metric g on M . Suppose that this metric g has constant scalar
curvature ρ. Then there is a complete asymptotic expansion:
dm−1∑
i=0
‖Si(x0)‖2hm ∼ m(1 +
ρ
2m
) +O
(
e−
(logm)2
8
)
,
where {S0, · · · , Sdm−1} is an orthonormal basis for H0(M,KmM ) for some m >
max{e20
√
5 + 2|ρ|, |ρ|4/3, 1δ ,
√
2
|ρ|}, where δ is the injective radius at x0.
Our result indicates that the asymptotic expansion (1.3) is in exponential decay.
Engli˘s [2] has an asymptotically expansion for the Berezin transformation on any
planar domain of hyperbolic type. He also showed that Berezin kernel [1] has
B˜(η, η) = m
(
1 +O(1)ρ0(0)
pim−3
2
)
,
where ρ0(0) is a positive constant.
Acknowledgements. The author thanks her advisor Z. Lu for his suggestions
and help during the preparation of this paper. She also thanks R. Chiang for her
encouragement.
2. General set up
Let M be an n-dimensional compact complex Ka¨hler manifold with a polar-
ized line bundle (L, h) → M . Choose the K-coordinates (z1, · · · , zn) on an open
neighborhood U of a fixed point x0 ∈M . Then the Ka¨hler form
ωg =
√−1
2pi
n∑
α,β=1
gαβ¯dzα ∧ dz¯β
satisfies
(2.1) gαβ¯(x0) = δαβ¯ ,
∂p1+···+pngαβ¯
∂zp11 · · ·∂zpnn
(x0) = 0,
for α, β = 1, · · · , n and any nonnegative integers p1, · · · , pn with p1 + · · ·+ pn 6= 0.
We also choose a local holomorphic frame eL of the line bundle L at x0 such
that a is the local representation function of the Hermitian metric h. That is,
Ric(h) = −
√−1
2pi
∂∂¯ log a.
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Under the K-coordinate, the function a has the properties
(2.2) a(x0) = 1,
∂p1+···+pn
∂zp11 · · ·∂zpnn
(a)(x0) = 0
for any nonnegative integers p1, · · · , pn with p1 + · · ·+ pn 6= 0.
Let {S0, · · · , Sdm−1} be a basis ofH0(M,Lm). Assume that at the point x0 ∈M ,
S0(x0) 6= 0, Si(x0) = 0, i = 1, · · · , dm − 1.
If the set {S0, · · · , Sdm−1} is not an orthonormal basis, we may do the following:
Let the metric matrix
Fij = (Si, Sj), i, j = 0, · · · , dm − 1
with respect to the inner product (1.1). By definition, (Fij) is a positive definite
Hermitian matrix. We can find a dm × dm matrix Gij such that
Fij =
dm−1∑
k=0
GikGjk.
Let (Hij) be the inverse of (Gij). Then {
∑dm−1
j=0 HijSj} forms an orthonormal basis
of H0(M,Lm). The left hand side of (1.2) is equal to
(2.3)
dm−1∑
i=0
‖
dm−1∑
j=0
HijSj(x0)‖2hm =
dm−1∑
i=0
|Hi0|2‖S0(x0)‖2hm .
Let (Iij) be the inverse matrix of (Fij). Denote that
(2.4)
dm−1∑
i=0
|Hi0|2 = I00.
In order to compute (2.4), we need a suitable choice of the basis {S0, · · · , Sdm−1}.
We select some of Tian’s peak sections in our basis. The following lemma an
improved version of Tian’s result [6, Lemma 1.2], which is done by Lu and Tian.
Let Zn+ be the set of n-tuple integers P = (p1, · · · , pn) such that each pi is a
nonnegative integer for i = 1, · · · , n. For P ∈ Zn+, we denote that zP = zp11 · · · zpnn
and |P | = p1 + · · · pn.
Lemma 2.1 (Tian). Suppose Ric(g) ≥ −Kωg, where K > 0 is a constant. For
P ∈ Zn+ and an integer p′ > |P |, let m be an integer such that
m > max{e20
√
n+2p′ + 2K, e8(p
′−1+n)}.
Then there is a holomorphic section SP,m ∈ H0(M,Lm), satisfying
(2.5) |
∫
M
‖SP,m‖2hmdVg − 1| ≤ Ce−
1
8 (logm)
2
.
Moreover, SP,m can be decomposed as
SP,m = S˜P,m − uP,m
such that
(2.6) S˜P,m(x) = λP η
(
m|z|2
(logm)2
)
zP emL =
{
λP z
P emL x ∈ {|z| ≤ logm√2m },
0 x ∈M \ {|z| ≤ logm√
m
},
4 CHIUNG-JU LIU
and
(2.7)
∫
M
‖uP,m‖2hmdVg ≤ Ce−
1
4 (logm)
2
,
where η is a smoothly cut-off function
η(t) =
{
1 for 0 ≤ t ≤ 12 ,
0 for t ≥ 1.
satisfying 0 ≤ −η′(t) ≤ 4 and |η′′(t)| ≤ 8 and
(2.8) λ−2P =
∫
|z|≤ logm√
m
|zP |2amdVg.
Proof. Define the weight function
Ψ(z) = (n+ 2p′)η
(
m|z|2
(logm)2
)
log
(
m|z|2
(logm)2
)
.
A straightforward computation gives
(2.9)
√−1∂∂¯Ψ ≥ −100m(n+ 2p
′)
(logm)2
ωg.
By using (2.9), we can verify that
〈∂∂¯Ψ+ 2pi√−1(Ric(h
m) +Ric(g)), v ∧ v¯〉g ≥ 1
4
m‖v‖2g.
For P ∈ Zn+, consider the 1-form
wP = ∂¯η(
m|z|2
(logm)2
)zP emL .
Since wP ≡ 0 in a neighborhood of x0, we have∫
M
‖wP ‖2hme−ΨdVg < +∞.
By [6, Prop. 2.1], there exists a smooth Lm-valued section uP such that ∂¯uP = wP
and
(2.10)
∫
M
‖uP‖2hme−ΨdVg ≤
4
m
∫
M
‖wP ‖2hme−ΨdVg <∞.
By direct computation, we get∫
M
‖uP ‖2hme−ΨdVg ≤
C(logm)2(p−1)
mp
∫
logm√
2m
≤|z|≤ logm√
m
amdV0.
Under the K-coordinate, we have
am = em log a = em(−|z|
2+O(|z|4)).
Hence we get ∫
M
‖uP ‖2hme−ΨdVg ≤
C1(logm)
2(p−1+n)
mp+n
e−
1
2 (logm)
2
for some constant C1. Let S˜P,m = λP η(
m|z|2
(logm)2 )z
P emL and uP,m = λPuP . Use a
result in [10]
λ2P ≤ C2mn+|P |
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for some constant C2. Then we have∫
M
‖uP,m‖2hmdVg ≤ C(logm)2(|P |−1+n)e−
1
2 (logm)
2
.
Choosing m > e8(p
′−1+n), we obtain∫
M
‖uP,m‖2hmdVg ≤ Ce−
1
4 (logm)
2
.

3. Proof of Theorem 1.1
Proof. Let M be a smooth compact Riemann surface with a metric g that has
constant scalar curvature. Let x0 be a fixed point. Let
U = {x : dist(x, x0) < δ},
where δ is the injective radius at x0. It is well known that on a Riemann surface
there is an isothermal coordinate at each point on U . We may assume that there is
a holomorphic function z on U and it defines the conformal structure on U . That
is,
ds2 = gdzdz¯
and g > 0. The metric g satisfies
(3.1) △ log g = −ρ, g(x0) = 1, and ∂g
∂z
(x0) = 0,
where
△ = g−1 ∂
2
∂z∂z¯
is the complex Laplace of M . Since the metric g has conformal structure, it is
rotationally symmetric. We can write (3.1) in polar coordinates (r, θ):
(3.2)
∂2g
∂r2
+
1
r
∂g
∂r
− 1
g
(
∂g
∂r
)2 = −4ρg2, g(0, θ) = 1, ∂g
∂r
(0, θ) = 0,
where z = reiθ, and |z|2 = r2. There exists a solution
(3.3) g =
1
(1 + ρ2 |z|2)2
to (3.2) for |z| <
√
− 2ρ if ρ < 0. Suppose that there exists another solution g1 to
(3.2). We have
△ log (g1/g) = 0 and g1(x0) = 1.
For ρ < 0, let r0 <
√
− 2ρ . Since g and g1 are rotationally symmetric, they remain
constant on |z| = r0. The harmonic function log(g/g1) is a constant on |z| ≤ r0
by Maximum Principle. By definition, we have g(x0) = g1(x0) = 1. Therefore, the
solution in (3.3) is unique around x0. By the same reason, g = g1 on {dist(x, x0) ≤
δ1} for some δ1 < δ for ρ ≤ 0.
Let a be the local representation of the metric h on KM such that
−
√−1
2pi
∂∂¯ log a = ωg.
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If we normalize a and a satisfies
(3.4) △ log a = −1, a(x0) = 1, ∂a
∂z
(x0) = 0.
Since
− ∂
2
∂z∂z¯
log a = g,
log a is also rotationally symmetric. Since
(3.5) a =
{ (
1 + ρ2 |z|2
)− 2
ρ , if ρ 6= 0;
e−|z|
2
, if ρ = 0.
satisfies (3.4), the local uniqueness is due to the same reason.
We need to choose sufficient largem such that logm√
m
< min{δ,
√
2
|ρ|}. With these
particular solutions of g and a, we further compute
λ−20 =
∫
|z|≤ logm√
m
amg
√−1
2pi
dz ∧ dz¯
= 2
∫ logm√
m
o
(1 +
ρ
2
r2)−
2m
ρ
−2rdr
=
1
m+ ρ2
(
1− (1 + ρ
2
(logm)2
m
)−1− 2m
ρ
)
for ρ 6= 0.(3.6)
For m > max{|ρ|4/3, 10}, we have
∣∣ ρ
2
(logm)2
m
∣∣ < 1/2. For ρ 6= 0, this gives
(
1 +
ρ
2
(logm)2
m
)−1− 2m
ρ ≤ 2e− 2mρ
(
ρ
2
(logm)2
m
− 12 ( ρ2 (logm)
2
m
)2+···
)
≤ Ce−(logm)2 .
For ρ = 0, we have
λ−20 =
∫
|z|≤ logm√
m
e−m|z|
2
√−1
2pi
dz ∧ dz¯ = 1
m
(1 +O(e−(logm)
2
)).
Hence we obtain
(3.7) λ−20 =
1
m+ ρ2
(
1 +O
(
e−(logm)
2))
.
From the properties of g and a, the isothermal coordinate (U, z) is aK-coordinate.
According to Lemma 2.1, we may choose two peak sections
S0,m = λ0(η(
m|z|2
(logm)2
)(dz)m − u0)
S1,m = λ1(η(
m|z|2
(logm)2
)z(dz)m − u1)
in H0(M,KmM ) for some m > e
20
√
1+4 +2|ρ|. Obviously, we have S0,m(x0) 6= 0 and
S1,m(x0) = 0. Let the subspace
V = {S ∈ H0(M,KmM )|S(x0) = 0, DS(x0) = 0},
where D is a covariant derivative on KmM . Let T1, · · · , Tdm−2 be an orthonormal
basis of V . Let
Si =
{
Si,m if i = 0, 1
Ti−1 if 2 ≤ i ≤ dm − 1
.(3.8)
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Then {Si}dm−1i=0 forms a basis forH0(M,KmM ). Locally, each Ti has the form fi(dz)m
for some holomorphic function fi defined in U . The holomorphic function fi has
Taylor expansion as fi =
∑∞
α=2 biαz
α in U , since Ti(x0) = 0 and DTi(x0) = 0 for
1 ≤ i ≤ dm − 2
Lemma 3.1. Let {Si}dm−1i=0 be the basis of H0(M,KmM ), defined in (3.8). For
m > e20
√
5 + 2|ρ|, the Hermitian matrix
(Si, Sj) =
∫
M
〈Si(x), Sj(x)〉hmdVg
is given by
(S0, S0) = 1 +O
(
e−
(logm)2
8
)
,
(S0, S1) = O
(
e−
(logm)2
8
)
,
(S1, S1) = 1 +O
(
e−
(logm)2
8
)
,
(S0, Si) = O
(
e−
(logm)2
8
)
,
(S1, Si) = O
(
e−
(logm)2
8
)
,
(Si, Sj) = δij
for i, j = 2, · · · , dm − 1.
Proof. By definition, we have (Si, Sj) = δij for 2 ≤ i, j ≤ dm−1. The inner product
of (Si, Si) for 0 ≤ i ≤ 1 is directly from Lemma 2.1. Since amg is rotationally
symmetric, we have∫
|z|≤ logm√
m
z¯αamgdV0 = 0 for arbitrary positive integer α.
Then we get
(S0, S1) = (S˜0, S˜1) + (λ0u0, S˜1) + (S˜0, λ1u1) + (u0, u1)
= O
(
e−
(logm)2
8
)
.
Consider
(S0, Si) =
∫
M
〈λ0(η( m|z|
2
(logm)2
)(dz)m − u0), fi−1(dz)m〉hmdVg
≤ λ0
∫
|z|≤ logm√
m
∞∑
α=2
b(i−1)αz¯αamgdV0 + λ0‖u0‖ · ‖Si‖.
Thus we have
(S0, Si) = O
(
e−
(logm)2
8
)
for 2 ≤ i ≤ dm − 1.
Similarly, consider
(S1, Sj) ≤ λ0
∫
|z|≤ logm√
m
∞∑
α=2
b(i−1)αzz¯
αamgdV0+λ1‖u1‖·‖Si‖ for 2 ≤ i ≤ dm − 1.
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Since amg is rotationally symmetric,
∫
|z|≤ logm√
m
zz¯αamgdV0 = 0 for α ≥ 2. Hence we
obtain
(S1, Si) = O
(
e−
(logm)2
8
)
.

According to [10, Definition 3.1], the metric matrix (Fij) can be represented by
the block matrices
(3.9) (Fij) =

 (S0, S0) (S0, S1) M13(S1, S0) (S1, S1) M23
M31 M32 E

 ,
whereM13 = ((S0, S2), · · · , (S0, Sdm−1)),M23 = ((S1, S2), · · · , (S1, Sdm−1)),M31 =
MT13, M32 = M
T
23, and E is a (dm − 2) × (dm − 2) identity matrix. By us-
ing [10, Lemma 3.1], we obtain
(3.10) I00 =
1
(S0, S0)
+ (
1
(S0, S0)
)2
(
(S0, S1) M13
)
M˜−1
(
(S1, S0)
M31
)
,
where
M˜ =
(
(S1, S1) M23
M32 E
)
− 1
(S0, S0)
(
(S1, S0)
M31
)(
(S0, S1) M13
)
.
Applying Lemma 3.1 in (3.10), we get
(3.11) I00 = 1 +O
(
e−
(logm)2
8
)
.
In order to evaluate the expansion of (2.3), we are left to find ‖S0(x0)‖2hm = λ20.
From (3.7), we have
λ20 = m(1 +
ρ
2m
)
(
1 +O
(
e−(logm)
2))
.
Therefore, the Tian-Yau-Zelditch expansion according to (2.3) on a Riemann sur-
face with constant scalar curvature ρ is
I00λ
2
0
= (1 +O
(
e−
(logm)2
8
)
)m(1 +
ρ
2m
)
(
1 +O
(
e−(logm)
2))
= m(1 +
ρ
2m
) +O
(
e−(
(logm)2
8 )
)
for m > max{e20
√
5 + 2|ρ|, |ρ|4/3, 1δ ,
√
2
|ρ|}. 
References
[1] F. A. Berezin, Quantization, Izv. Akad. Nauk SSSR Ser. Mat. 38 (1974), 1116–1175.
[2] M. Engliˇs, Asymptotics of the Berezin transform and quantization on planar domains, Duke
Math. J. 79 (1995), no. 1, 57–76.
[3] J. Song, The Szego¨ Kernel on an Orbifold Circle Bundle.
[4] D. Catlin, The Bergman kernel and a theorem of Tian, Analysis and geometry in several
complex variables (Katata, 1997), 1999, pp. 1–23.
[5] W.-D. Ruan, Canonical coordinates and Bergmann metrics, Comm. Anal. Geom. 6 (1998),
no. 3, 589–631.
THE ASYMPTOTIC TIAN-YAU-ZELDITCH EXPANSION ON RIEMANN SURFACES WITH CONSTANT CURVATURE9
[6] G. Tian, On a set of polarized Ka¨hler metrics on algebraic manifolds, J. Differential Geom.
32 (1990), no. 1, 99–130.
[7] S. Zelditch, Szego˝ kernels and a theorem of Tian, Internat. Math. Res. Notices (1998), no. 6,
317–331.
[8] Z. Lu and Gang Tian, The log term of the Szego˝ kernel, Duke Math. J. 125 (2004), no. 2,
351–387.
[9] Z. Lu, On the lower bound estimates of sections of the canonical bundles over a Riemann
surface, Internat. J. Math. 12 (2001), no. 8, 891–926.
[10] , On the lower order terms of the asymptotic expansion of Tian-Yau-Zelditch, Amer.
J. Math. 122 (2000), no. 2, 235–273.
E-mail address: cjliu4@ntu.edu.tw
Taida Institute of Mathematical Science, National Taiwan University, Taiwan 106
